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Let M be a smooth closed orientable surface, and let F be the space of Morse functions on M such 
that at least x{^) + 1 critical points of each function of F are labeled by different labels (enumerated). 
Endow the space F with C°°-topology. We prove the homotopy equivalence F ^ R x A4 where R is one 
of the manifolds WP^, x and the point in dependence on the sign of xiM), and M is the universal 
moduli space of framed Morse functions, which is a smooth stratified manifold. Morse inequalities for the 
Betti numbers of the space F are obtained. 
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TonojioruH npocTpancTB 4)yHKD,HH Mopca ua noBepxHOCTHx 

E. A. KyflpsBi^eBa 

AHHOTai^HH 

IlycTb M — rjiaflKaa saMKHyTEH opiieHTHpyeMaH noBepxHOCTb, h nycTB F - npocTpancTBO (JjyHK- 
n,HH Mopca na M, y KOTopbix ne Menee hbm xi^) + 1 kphth^icckhx tohck noMeneHbi pasjiHHHbiMH 
MBTKaMH (npoHyMepoBaHbi). CHa6flHM C°°-TonojiorHCH npocTpancTBO F. /JoKasana roMOTonHHecKaa 

SKBHBajieHTHOCTb F^ R X rpfi R — OflHO H3 MHOrOo6pa3HH RP^, X H TOHKa B SaBHCHMOCTH 

OT 3HaKa x(M), a Ai - yHHBepcajiBHoe npocTpancTBO MopyjieA ocHamcHHbix cjDyHKiiHH Mopca, sbjih- 
lomeeca rjia/],KHM CTpaTH4)HLi,npoBaHHBiM MHoroo6pa3HeM. IIojiyHCHbi HcpaBCHCTBa Mopca pjia HHceji 
BeTTH npocTpancTBa F. 

KjiKDHeBbie cjioBa: 4)yHKii,Ha Mopca, ocHameHHaH 4)yHKii,Ha Mopca, KOMnjieKC ocHameHHbix (JjyHK- 
n,HH Mopca, C°°-TonojiorHH, yniiBepcajibHoe npocTpancTBO MOflyjieA. 

1 BBe/],eHHe 

B HacTOHni,eH paSoTC HsynaeTCH TonojiorHH npocTpancTBa F = F{M) (|)yHKii;HH Mopca na KOMnaKTHoit 
rjiaflKOH flByMepHoii noBepxHOCTH M. HpeflnojiaraeTCH, hto y KajKflou 4)yHKLi;HH / G F no MeubmeH 
Mepe x(M) + 1 KpuTHHCCKHX TOHeK noMCHeHbi pasjiHHHbiMH MCTKaMH (npoHyMepoBaHbi) . B pa6oTe [Ij 
BBe^eno noHHTue ocHam;eHHOH 4)yHKii;HH Mopca (cm. onpenejieHne 14. 1]) h /i,OKa3aHa roMOTonHHecKaa 3kbh- 
BajieHTHOCTb F ~ F npocTpancTsa F 4)yHKU,HH Mopca h npocTpancTBa F = F(M) ocHam;eHHbix 4)yHKU,HH 
Mopca ([H [2]). B pa6oTe [3] nocTpoeubi KOMnjicKC K ocHam,eHHbix 4)yHKLi,HH Mopca h coflepjKan];ee ero 
rjia^Koe cTpaTH4)HLi;HpoBaHHoe MHoroo6pa3He A4 (cm. vTsep neuHe [3^ . Mbi ^oKasbiBacM (TeopeMa l2.5p . 



''Pa6oTa BBinojiHena npn no/mepjKKe POOH (rpaHT JYs 10-01-00748-a), HporpaMMbi no/mepjKKH BeflymHx Hay^Hbix niKOji 
PO (rpaHT Jfa HIII-3224.2010.1), HporpaMMBi "PasBHTne nayHHoro noTeHD;Hajia BBicmeii hikojibi" (rpanx Jf^ 2.1.1.3704), OllD 
"HayHHBie h HayHHO-neflarorHiecKHe KaflpBi HHHOBaii,HOHHOH Pocchh" (rpaHTBi 02.740.11.5213 h Jfs 14.740.11.0794). 
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HTO npocTpancTBO F (^ymaxyi& Mopca roMOTonHHecKH SKBHBajieHTHO nojinsflpy x A^, Tf\e R = R{M) 

- ofXRO H3 MHoroo6pa3HH MP^, 5^, S"^ X S"^ H TOHKa (cm. ([T])). TaKHM o5pa30M, Ham pesyjitTaT cbo;i,ht 
HsyneHHe TonojiorHH npocTpancTBa F (\yymaxa& Mopca k KOM6HHaTopHOH saflane — HsyneHHio Tonojio- 
THH MHoroo6pa3HH M . FoMOjiorHH MHoroo6pa3HH M MoryT 6biTb H3yHeHbi c noMombio ero ecTecTBeHHolt 
CTpaTHcjjHKai^HH, a TaKJKe HHflyii;HpoBaHHOH CTpaTHcJjHKai^HH cneii;HajibHOH OKpecTHOCTH -A^^f/jigot KaJK/];o- 
ro CTpaTa -M-ify^^^^^ (cm. VTBep>KjieHHe [3^ . 3thm MeTO^OM mm nojiynaeM b cjiynae M = S"^ nepaBencTBa 
Mopca /],Jia hhcbji Bctth MHoroo6pa3Ha M h naxo/iHM ero siijiepoBy xapaKTepncTHKy (cjie/i,CTBHe 12. 6p . 

Bonpocbi o jiHHeHHoii cbh3hocth npocTpancTB 4)yHKi],Hii Mopca Ha noBepxHOCTH H3yHajiHCb C.B. MaT- 
BeeBbiM X. LI,HmaHroM, B.B. IIIapKo [5j, E.A. KyflpHBLi,eBOH [4j, C.H. MaKCHMCHKo K).M. Byp- 
MaHOM [3 15] (/];jiH npocTpancTB rjia^KHX 4)yHKLi;HH 6e3 kphthhcckhx tohck na OTKpbiTbix noBepxHOCTSx) 
H E.A. Ky/];pHBLi,eBOH |9] (flJiH npocTpancTB c]3yHKii;HH Mopca c cjjHKCiipoBaHHbiM mhojkcctbom kphthhc- 
CKHX TOHeK). KojiHHecTBO KjiaccoB BKBHBajieHTHOCTH (cM. onpcjejieHHe npocTbix 4)yHKu;HH Mopca 
Ha noBepxHocTH Hccjie;],OBajiocb b pa6oTe [lOj, a TonojiorHH KjiaccoB H30TonHocTH - b pa6oTe B 
paSoTax |12| [T31 [TH [T21 HSl HTl [TB] 4)yHKLi,iiH Mopca H3yHajiHCb b cbhsh c 3aflaHeH KjiaccH4)HKaii;HH 
(jiHyBHjijieBoii, opGHTajibHolt) neBbipoJKfleHHbix HHTerpnpyeMbix raMiijibTOHOBbix chctcm c jx^yMn CTene- 
HHMii CBo6oflbi. Fpynnbi roMOjiorHii h roMOTonHii npocTpancTB 4)yHKii,HH c yMepeHHbiMH oco6eHHOCTHMH 
(c flonymeHHCM HCMopcoBCKHX oco6eHHOCTeH) Ha OKpyjKHOCTH H3yHajiCH B.H. ApHOJib;];oM ^19j . HeBbinoji- 
HeHHe 1-napaMeTpHHecKoro /i-npHHu;Hna npocTpancTB 4)yHKii,HH Mopca na ncKOTopbix KOMnaKTHbix 
MHoroo6pa3Hax pa3MepHOCTH 6ojibmeH 5 noKa3aHO b pa6oTax [201 121) (cm. TaKJKe [H §1]). 

CTaTbH HMeeT cjie^yiomyK) CTpyKTypy. B ^(JjopMyjinpyroTCH ocHOBHbie pe3yjibTaTbi HacToameft pa6o- 
Tbi fTeopeMa l2.5l H cjieiicTBHe l2.6|) . B ^onncbiBaeTca KOHCTpyKii,iia ii3 [3j rjia/iKoro CTpaTH4)Hii;HpoBaHHoro 
3g-MepHoro MHoroo5pa3Ha M, Tj\e q - KOJinnecTBO ceflJiOBbix kphthhcckhx tohck cjiyHKi^iiii Mopca as 
F (cm. onpejejieHHe [27T] h VTBepacjeHHe [3^3]) . B ^ flOKa3biBaeTca, hto MHoroo6pa3He A4 roMeoMopcJjHO 
yHHBepcajibHOMy npocTpancTBy MOflyjieft ¥^/^^ ocnameHHbix 4)yHKu;HH Mopca (vTBep^KjeHHe . B ^ 
ycTanaBjiHBaeTca roMeoMop4)H3M ~ x Ai (vTBepacjeHHe [5^ . 

Abtop npHHocHT 6jiaroflapHocTb C.A. MejiHxoBy, JX-A. ITepMaKOBy h A.T. Oomchko sa BKHManne k 
pa6oTe H nojiesHbie o6cyjK/],eHHH. 

2 OcHOBHbie noHaTHa h 4>opMyjiHpoBKa ocHOBHbix pesyjibTaTOB 

Onpe^ejieHHe 2.1 (o6o6meHHoe npocTpancTBO 4)yHKii,HH Mopca [1]). HycTb M — rjia^Kaa (t.c. Kjiacca 
C°°) KOMnaKTHaa CBH3HaH noBepxHOCTb, Kpait KOTopon nycT iijih hc nycT, dM = d~^M\Jd~M, rj^e d~^M 

— o6i.eflHHeHHe HCKOTopbix rpaHHHHbix oKpyjKHocTeii. HycTb d~^,d~ > — hhcjio oKpyjKHocTelt b d~^M 

H d^M COOTBeTCTBCHHO. 

(A) 06o3HaHHM Hepes C°°{M) npocTpancTBO rjia^KHX (t.b. Kjiacca C°°) Beii];ecTBeHH03HaHHbix 4)yHK- 
ii;hh / Ha M. 06o3HaHHM Hepe3 C^{M,d~^M,d~M) C C°°(M) no/inpocTpancTBO, cocTOHmee h3 TaKHX 

4)yHKLI,HH / G C°°(M), HTO BCe ee KpHTHHeCKHC TOHKH (t.C. TaKHC TOHKH X G M, HTO df\x = 0) npHHafljic- 

jKaT int M, a jiio6aH rpaHHHHaH TOHKa x € dM hmcct TaKyio OKpecTHOCTb U b M, hto f{U OdM) = f{x), 
npHHCM inf(/|[/) = f(x) npn x € d~M, h sup(/|;7) = f{x) npn x G d'^M. 

(B) IlycTb F := Fp^q_r{M, d~^M, d~M) — npocTpancTBO 4)yHKii,HH Mopca / na noBepxHOCTH 

{M,d~^M,d^M), HMeiOIIl,MX pOBHO p KPHTHHCCKHX TOHCK JIOKajIbHblX MHHHMyMOB, q CeflJIOBblX TOHCK H 

r TOHeK jioKajibHbix MaKCHMyMOB. 05o3HaHHM Hepe3 i^"^™ npocTpaHCTBO, nojiyHCHHoe h3 F BBe^eHHeM 
HyMepaii,HH y neKOTopbix h3 kphthhcckhx tohck (Ha3biBaeMbix OTMeneHKbiMH) ^jih 4)yHKu;HH Mopca 

f & F. 05o3HaHHM KOJIHHCCTBO OTMeHeHHblX KpHTIIHCCKHX TOHCK JIOKajIbHblX MHHHMyMOB, MaKCHMyMOB 

H ceflJiOBbix TOHBK Hepe3 p, r, q cooTBeTCTBCHHO, < p < p, <q<q, 0<r<r. 

(C) IlycTb < < p, < < < r* < r. 06o3HaHHM 

{p\p";q\(l";'r\r") -.= {p-p*,p-p;q- q*,q- q;r - r* ,r - r). 
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^JIH KaJKflOH 4)yHKU;HH / G ^num o6o3HaHHM HepeS Cf^X MHOJKeCTBO 66 KpHTHH6CKHX TOH6K HHfl^BKCa A, H 
HepeS Cf^x Q Cf^x MHOJKeCTBO OTMBHeHHblX KPHTHH6CKHX TOH6K, A = 0, 1, 2. B MHOJKBCTBe OTMBHBHHblX (a 
nOTOMy SaHyMBpOBaHHblx) KPHTHHBCKHX TOHBK o6o3HaHHM Hep63 Cj Q, Cj ^, Cj 2 nO^MHOJKBCTBO, COCTOHmBB 

H3 nBpBbix p*,q*,r* tohbk cootbbtctbbhho. OnKcnpyBM "6a3HCHyio" 4)yHKii;Hio € F^^^. HycTb 

F := Fp,^p,^p„.q,^q,^q..r*yy'{M,d+M,d-M) 

- npOCTpaHCTBO (|)yHKIi;HH Mopca / G ^num jjg^ nOBBpXHOCTH {M,d~^M,d~M), TaKHX HTO Cj ^ = Cj^ ^ 

/IJiii jiio6oro A = 0, 1,2. IlpocTpaHCTBO F mbi naflBjiHM C°°-TonojiorHBH, cm. [1, §4], h nasoBBM 6ro 0606- 
meuHUM npocmpaHcmeoM (pyHKV,uu Mopca na noeepxHocmu {M,d+M,d-M). 06o3HaHHM hbpb3 F^ d F 
no;],npocTpaHCTBO b F, coctohii];66 h3 TaKHX 4)yHKLi;HH Mopca f ^ F, hto Bce jioKajibHbi6 MHHHMyMbi 
paBHbi f{d~M) = —1, a bcb jioKajibHbiB MaKCHMyMbi paBHbi f{d^M) = 1. 

H3 TeopBMbi C.B. MaTBBBBa (cm. [1]) h 66 o6o6ii];6HHa b [3] cjic^yBT, hto jiio6oe o6o6iri;eHH06 npocTpan- 
CTBO F = Fp* pi pii.o^^gii.,i.tyyi{M,d^M,d~M) 4)yHKii;HH Mopca 6e3 saKpenjieHHbix c6/];jioBbix tohck (t.6. 

npH q* = 0) JIHHBHHO CBH3HO. 

0603HaHeHHe 2.2. (A) 06o3HaHHM H6p63 Cx ■= Cj^ MHOJKBCTBO cJjHKCHpOBaHHblX KpHTHHBCKHX TOHBK 

HH/],BKca A (coBnaflaiomBB j^jia pa3Hbix 4)yHKii,HH / G F), A = 0, 1, 2, nojioJKHM C := C0UC1UC2. HycTb = 
DiS^ {M, M, d~ M,Cq,Ci,C2) — rpynna coxpanaromnx opH6HTai];Hio flH4)(J)BOMop4)H3MOB noBspxHocTH 
M, nBpBBo/i,aii;Hx K&yKfl^oe mhojkbctbo d^M,d~M, Cx b cb6h, A = 0,1,2. IlycTb = T)iS^{M,C) — 

MHOJKBCTBO BCBX fln4)4)60MOp4)H3MOB /i G rOMOTOnHblX idjv/ B KJiaCCB rOMBOMOp4)H3MOB napbl (M, C). 

HpocTpaHCTBa C & naflBjiHM C°°-TonojiorHBH, cm. \Xi §4(6)]. 

(B) 06o3HaHHM HBpB3 M 3aMKHyTyiO nOBepXHOCTb, nOJiyH6HHyiO H3 nOB6pXHOCTH M CTHrHBaHHBM B 

TOHKy KajKflOH rpaHHHHOH OKpyjKHOCTH. 06o3HaHHM Hep63 T C ^ rpynny (nasbiBaBMyio zpynnou TopcA- 

AU), COCTOHmyiO H3 BCBX flHcJjcJjBOMOpcJjHSMOB /l G nBpBBO/lHmHX B C66h KaJKflyiO KOMnOHBHTy KpaH M, 
H TaKHX HTO HH/];yii;HpOBaHHbIH rOMBOMOp4)II3M h: M ^ M HH/];yLI,Hpy6T TOJKfl6CTB6HHbIH aBTOMOp4)H3M 

rpynnbi roMOjiorHH Hi{M). Hmbbm C T. 

H3 pB3yjibTaTOB |22| [23] cjiefljeT, hto hmbbtch roMOTonHHBCKaa sKBHsajiBHTHocTb 

^°~i?^o, (1) 

r^e R^o — op,w h3 HBTbipBX MHoroo6pa3Hii, onp6/];BjiHBM06 napoii (M, a hmbhho: SO (3) = WP^ (npn 
M = S^,C = 0), SO{2) = (npnO < x(M)-|C| < 1 m d+ + d- + \C\ > 0), = x (npn M = T^, 
C = 0) m TOHKa (npH x{^) < 1^1) (cm., HanpHMcp, |24| 122)). B nacTHOCTH, jihhbhho CBa3HO. KpoMB 
Toro, 

^0 = r ^ \C\< x{M) + 1. (2) 

HMnjiHKai^HH "<^" B ^ cjiBflyBT H3 |22[ I23| . a HMnjiHKaii,H}i "=^" cjiBflyBT H3 Toro, HTO B cjiynac \C\ > 
x(M) + 2 cymBCTByBT flH4)4)BOMop4)H3M h ^ T (cKpyHHBaHHB ^3Ha |25) BOKpyr pa36HBaiomBH OKpyjK- 

HOCTh), HBrOMOTOnHblH idM B npOCTpaHCTBB rOM60MOp4)H3MOB napbl (M, C), CM. |26| JI6MMa 2.1(1)] HJIH 

Onpe^ejieHHe 2.3. (A) <I>yHKii,HH Mopca f,g F Ha30BBM aKeueajienmHUMU (/ g), bcjih HaH/i,yTca 
TaKH6 /];H4)c|)60Mop4)H3Mbi /ii G H /i2 G Diff'*'(R), HTO f = h2 o g o hi n hi coxpansBT HyMBpaii;Hio 

KpHTHHBCKHX TOH6K. HyCTb [/] - KJiaCC 3KBHBajI6HTHOCTH. 

(B) ^BB (]3yHKii;HH Mopca fug Ha30BBM usomonnuMU, bcjih ohh 3KBHBaji6HTHbi m hi £ {i.e. 

hi H30T0n6H TOJK/I,6CTB6HHOMy) , H o6o3HaHa6M / ~isot 5- MhOJKBCTBO BCBX 4)yHKLi;HH H3 F^ , H30T0nHbIX 
4)yHKLi;HH /, 0603HaHHM HBpB3 [/]isot- 

KjiaccH45HKaLi;Ha 4)yHKii,HH Mopca h3 F c TOHHocTbro pfl (nocjiOHHoii) sKBHBajieHTHOcxH iisyHCHa b |15| 

rjl. 2, T60pBMbI 4 H 8], C TOHHOCTblO fl^O H30T0nH0CTH B [21 JIBMMa 1 H TBOp6Ma 2] H [TG] yTBBp:ac;];BHHB 1.1 
H§3]. 
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05o3HaHeHHe 2.4. ^jih jik»6oh 4)yHKii;HH Mopca f (z F paccMOTpHM rpacj) Gf b noeepxHocTH int (M), 
nojiyHeHHbiH h3 rpacjja f~^{f{Cf^i)) BbiKH/ibiBaHHeM Bcex KOMnoneHT cbhshocth, ne co/],ep>Kaii],HX cefljio- 
Bbix KpHTHHecKHX TOHCK (cM. onpejejieHHe [27T]) . 9tot rpac]3 HMeeT q BepniHH (HBjiHioii],Hxca cefljioBbiMH 
TOHKaMH y G Cf,i), CTeneHH Bcex BepniHH paBHbi 4, a snaHHT b rpacjje 2q pe6ep. Ecjih noBepxHOCTb M 
opHeHTHpoBana, to na pe6pax rpacjaa Gj HMeeTca ecTecTBennaH opHeHTau;HH, Taxaa, hto b jiio6oh BHyT- 
peHHeli TOHKe pe6pa penep, cocTaBjieHHbift 113 nojioJKHTejibHO opneHTHpoBaHHoro KacaTejibHoro BeKTopa 
K pe6py H BeKTopa grad/ (no OTHomenmo k KaKOH-HH6y/];b (J^HKcnpoBanHon pHManoBon MeTpHKe), sa- 
/;aeT nojioJKHTejibHyio opHenTan,Hio noBepxnocTH. AnajiornHHO bbo^htch opHeHTan,HH na jik)6oh cbhshoh 
KOMnonenTe jinnnn ypoBna /^^(a) (|)yHKn;HH /, ne co/],epjKani,eH KpnTHHecKyio TOHKy, a G M. 06o3nanHM 
nepes s{f) := KOJinnecTBO ce^jioBbix KpnTHHecKHX snaHenHft 4)yHKi;HH /. 

riycTb 

M = -M-pt+d- ,p' ,p";q* ,q' ,q";r*+d+ ,r' ,r" 

- 3g-MepHoe MHorooGpasne, coflepjKani,ee KOMnjieKC K = "i^p* +d- ,p' ,p" ■,q* ,q' ,q" ■,r* +d+ ,r' ,r" ocHan];eHHbix cJ^ynK- 
u;hh Mopca (cm. ^hjih [3] §4]). HycTb -^[/ji^^jj C -^^[/jig^t ^ (s([/]) + 2g)-MepnbiH CTpaT h ero cneu;Hajib- 
Haa OKpecTnocTb b ^M, OTBenaioni,He Kjiaccy naoTonnocTH [/]isot (cm. VTBepacjenne [3?3] hjih [3l §4]). H3 
[3] neTpy/i,no BbiBO^HTca, hto CTpaT M.[f]i^^^ hmcct cbohm cnjibHbiM /];e4)opMan;HOHHbiM pexpaKTOM npo- 
CTpancTBO op6HT (S'^)'^([-^]-'/r[j] cooTBeTCTByiomero Topa {S^)'^'^^^^'^ no CBo6o/];HOMy /i,eHCTBHK) Konennoii 
rpynnbi rjjj /lonycTHMbiMH aBTOMop4)H3MaMH Topa, cm. O §2]. 

TeopeMa 2.5. nycnib M — censHan KOMnaKniHan opueHmupyeMan noeepxHocmt c pa36ueHueM Kpaa, 
dM = d^M U M na nojioMcumeAbHue u ompuii^ameA-bHue OKpycHCHOcmu. PaccMompuM o6o6ujt,eHHue 
npocmpaHcmea 

F = Fp*^p,y>.g*^g^^g,>.r',r',r"iM,d^M,d'M), F^ C F 

^yHKV,uu Mopca na noeepxHocmu (M,d'^M,d~M), cm. onpejejienne (m.e. y ^yHKV,uu f (z F hcko- 
mopue U3 KpumunecKux moueK Mozym 6umb omMeueHU, a ueKomopue saKpenAenu). Uycmb F"*^ C F — 
coomeemcmeymiu,ue npocmpaHcmea ocHaineuHux cfiyHKV^uu Mopca (cm. onpejejienne 14. 1| ) . UpednoAooicuM, 
umo 

p + q + ?>x{M) (3) 

(m.e. KOAUuecmeo omMeueHHUx KpumuuecKux moucK npeeocxodum x(M)j. Tozda: 

(A) MMewmcn zoMomonuuecKue aKeueaAenmHocmu u soMCOMopc^usM 

F ~ ~ F ~F^ « ^° X (r^R^oxM), 

zde R^o - odno U3 MHOzoo6pa3uu RP'^, S"^ , x u mouKa, cm. ([T]). 

(B) JJaji ak>6ou (fiyHKi^uu Mopca f & F^ UMcmmcH zoMomonuuecKue SKeueaACHmHocmu u zoMCOMop- 

(pU3M 

[fUt ~ Forgri([/]isot) « ^° X M[f],^^^ ~ X {{Sy/T^f]) (~ R.jo x {{Sy/F^f])), 

zde Forg]^ : ¥^ ^ F^ - 3a6ueaH)inee omo6paotceHue, -^[/ji^ot C n {S^)'^ = {S'^)'^^^^^'^ - coomeemcmeym- 
iu,ue (s([/]) + 2q)-MepHoe nodMHOzoo6pa3ue u mop. 

riycTb k - nojie (nanpnMep, M, Q hjih Zp). ^Jia TonojiornnecKoro npocTpancTBa X paccMOTpHM ero 
HHCjia BeTTH /3j(X) := dinik Hj{X; k) n nojinnoM IlyanKape P{X, t) := X^j^o (^ji-^)- Cjie/iyiomee yTBep- 
JK/ienne (anajiornnnoe [3l cjie/i;cTBHe 2.7]) BbiBOflHTca 113 TeopeMbi 12.51 n onpejejienna [3^2] CTpaTHcj^nnn- 
poBannoro Mnoroo6pa3HH Ai CTan/i;apTHbiMH MCTO/iaMH Teopnn Mopca (cm., nanpnMep, \28\ §45]), npn 
noMomn 4)njibTpan;Hn = A4>q^i C A4>q C . . . C A4>i = A4 a paccMOTpenna nn^yi^npoBannon cTpa- 
THc|)nKan;Hn cneu;HajibnoH OKpecTnocTn -M^ify^^^^ KajKfloro CTpaxa b Ai (cm. VTBepacjenne [3?3|) . 

rfle M>s := U,([/])>,A^^[/];^^, = ^sm>sM[fl.^^^. 
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CjieflCTBHe 2.6. (A) Ecau KOAUuecmeo p + q + r omMeueHHUx KpumuuecKux moueK npeeocxodum x(M), 
mo /3j{F) = npu aio6om j >2>q + 2. 

(B) nycmb M = S"^ (cm. oSoBHaneHHe E^J^B)), p* + q* + < x{M) + 1 < p+q + r. Tozda 
Q} = Q}^ cmpamu(f}uii,upoeaHHoe Sq-Mepnoe MHOzoo6pa3ue M. := M. cocmoum us KoneuHozo HUCAa cmpa- 
moe M.[f] '■= -^[/]igot'' UMcemcH zoMomonuuecKaH SKeueaAeHmHocmb F ^ R x Ai, zde R - odno us 
MH020o6pasuu MP^, , u mouKa e saeucuMocmu om SHauenun x(^) ~ (p* + Q* + f*) = 2, 1,0, —1; 
HUCAa Eemmu f3j = l3j{A4) MHOzoo6pa3usi M. ydoeAemeopHmm HcpaeeHcmeaM Mopca-CMCUAa: 

l^i - i^j-^ + - Pj-3 + ■■■ <qj - qj-i + qj-2 - qj-3 + • • • , i > 0, 

ede Q{t) = YlJLo^'^'ij ■~ X][/]gfi/~ 0- ^ uacmHocmu, cnpaeedAueu Hepaeencmea Mopca: 

X{M) = i-iy-' !{[/]€ FV ~ I s{f) = 1}| , (3j< qj, j > 0. 

3 KoM6HHaTopHoe nocTpoeHHe MHoroo6pa3H5i A4 corjiacHO [3] 

OGosHaneHHe 3.1. (A) AnajiorKHHO onpe/];ejieHHio 12.11 h oGosHaneHHio 12.21 o5o3HaHHM nepes Cf := 

Cffi D Cf^l U Cf^2, Cf := Cffi D Cf^l U Cf^2 MHOJKeCTBO BCeX KpHTHHeCKHX TOHeK (cOOTBeTCTBeHHO Bcex 
OTMeHeHHblX KpHTHHeCKHX TOHeK) (JjyHKI^HH f & F. HlVieeM BKJIIOHeHHH C C Cf C Cf H Cx C Cf^x C Cf^x 
MHOJKeCTB 4)HKCHpOBaHHbIX KpHTHHeCKHX TOHeK, OTMeHeHHblX KpHTHHeCKHX TOHeK H BCeX KpHTHHCCKHX 

TOHeK (cooTBeTCTBeHHO HH/];eKca A) (J)yHKi];HH /, A = 0, 1, 2. 

(B) IlycTh. cr, r C X ~ flfia HenepeceKaiomnxcH no^MHOJKecTBa TonojiorHHecKoro npocTpancTBa X 
(nanpHMep, ^Be OTKpbiTbie kjibtkh KjieTOHHoro KOMnjieKca). By^eM roBopHTb, hto a npuMUKaem k t n 
HHcaTb T ~< a {a f ~< a), ecjiH t <Z da := a\(T. HHineM r ^ o", ecjiH t ~< a hjih t = a. 

LUaz 1. IlycTb J = (Ji, . . . , Jg) - ynopH/],OHeHHoe pasGneHHe MHOJKecTBa {1, ... ,(7} na s nenycTbix 
noflMHOJKecTB Ji, . . . ,Js (t.g. {1, . . . , (7} = Ji U . . . U J^), rp^e 1 < s < q. Onpe;],ejiHM HHCJia = ro < ri < 
. . . < Ts-i < Tg = q n nepecTanoBKy vr G Sg ycjioBHHMH 

-^1 = {VTI, . . . ,Vrri}, J2 = {iTr^ + l, . . . ,TTr2}, -^s = {TTr^^i + l, • • • , TT^ (4) 

TTi < ... < TTr^, vr^'i+i < ... < TTri, ■ ■ ■ ■,'^rs-i+i < ••• < T^vs- EcjiH pasGneHHe J nojiyHaeTca h3 paa- 

6HeHHH J = (Ji, . . . , Jg) nyTBM HSMejIbHeHHH (T.e. pa36HeHHH HeKOTOpblX MHOJKeCTB Jfc Ha HeCKOJIbKO 

no/];MHOJKecTB), 6y/],eM nncaTb J ~< J. 

Illae 2. ^JiH KajK/],OH 4)yHKii;HH Mopca f F paccMOTpHM MHOJKecTBO C/_i =: ~ . . . ,q} ee 

cefljioBbix KpHTHHecKHX TOHCK (cM. o6o3HaHeHHe 13. ip H eBKjiH/;oBO BCKTopHoe npocTpancTBO 0-Koii;eneH 

Hi := C°(C/,i; M) = M^^'^ ^ M"? (5) 

CO CTaHflapTHOH eBKjiH/ioBOH MBTpHKOH. PaccMOTpHM B npocTpaHCTBC BHyTpeHHOCTb Ky6a: ( — 1; l)'^f-^ ~ 
(— 1; 1)'^ C M"^. PaccMOTpHM "BbiHHCJiaion],yK)" 0-KOH;eHb 

c = c(/) := /Ic,,, = (ci, . . . , Cg) G (-1; iff'^ C Hj, 

T.e. 4)yHKH;Hio c: C/^i ^ M, coHOCTaBjiHiom;yio jik)6oh ce/],jioBOH tohkc yj E C/^i snaneHHe Cj := f{yj) 
4)yHKii,HH / B 9TOH TOHKe, 1 < j < q. ConocTaBHM 0-Koii,enH c = (ci, . . . ,Cq) HHCjio s(c) := |{ci, . . . ,Cq}\ 
pasjiHHHbix cefljioBbix SHaneHHii h ynopHfloneHHoe pa36HeHHe J = J(c) = (Ji, . . . , Jg) MHOJKCCTBa ceji- 

JIOBblX TOHBK Cf^i ~ {l,...,g}, OnpeflejIHCMOe CBOltCTBaMH ([1]) H = ... = Ctt^ < Ctt^ = ••• = 

C-Kr^ < . . . < Ctt^ = . . . = Cttj,^ . (To eCTb, J - 3TO OTHOUieHHe HaCTHHHOrO nopHflKa Ha MHOJKCCTBe Cf^l 

Ce/],JIOBbIX KpHTHHeCKHX TOHeK 4)yHKU;HH / SHaHeHHHMH 4)yHKII,HH f\Cfi-) 
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B KajKflOM Kjiacce HSOTonnocTH [/]isot ^ / '^isot otmbthm poBHO oflHy 4)yHKLi;Hio Mopca / 3Toro 
Kjiacca. ConocTaBHM Kjiaccy HSOTonnocTH [/]isot h JiK)6oMy pasGneHHio J cooTBeTCTByiomHe CTpaT h 
3Be3floo6pa3Hyio o6jiacTb b Ky5e (—1; l)''-'''^: 

Sf,J ■■= W G (-1; 1)^^'^ I J(c') = J}, := {c' G (-1; | J(c') ^ J}, 

•S'l/lisot = 'S'/ := •S'/,J(c{/)), 'S'hI/lieot — ^f,^JW))- 

PaccMOTpHM TaKJKe /i,BOHCTBeHHbie flpyr ;];pyry BeKTopHbie npocTpancTBa OTHOCHTejibHbix l-roMOJiorHii h 
OTHOCHTejibHbix 1-KoroMojiorHH Ha^ nojieM R: 

:=/7i(M\(C/,oUC/,2),C/,i;M)^M2g^ 
i/) :=i7i(M\(C/,oUC/,2),C/,i;M) ^HomM(Fj,i,M) ^M2q^ I ) 

PaccMOTpHM opHeHTHpoBaHHbiH rpacj) Gf C M \ U CM. o6o3HaHeHHe 12.41 Oh hmcct 2g pe6ep, 

KOTopbie o6o3HaHHM ei, . . . ,e2g. 05o3HaHHM OTHOCHTejibHbiH roMOjiorHHecKHH Kjiacc opneHTHpoBaHHoro 
pe6pa Cj Hepe3 [cj] € 1 < i < 2q. Onpe/],ejiHM b BeKTopnoM npocTpancTBe Hj = M?'^ BbinyKjioe 

nOflMHOJKeCTBO 

^[7].sot = ^= e ^/ I ^([^^]) > 0, 1 < i < 2g} . (7) 

Hepe3 stab ^05 o6o3HaHHM rpynny H30TponHH sjieivieHTa g G OTHOCHTejibHO ecTecTBeHHoro npaBoro 
p^emcTBmsi rpynnbi aa F^, a Hepe3 (stab^o/)*^ o6o3HaHHM ee no^rpynny, cocToamyio h3 Bcex /iHcJjcJ^eo- 

MOp4)H3MOB nOBepXHOCTH M, COXpaHHIOmHX 4)yHKIi;HIO / II rOMOTOnHblX idM B KJiaCCe rOMeOMOp4)II3MOB 

M, coxpanaiomiix 4)yHKii,iiio /. PaccMOTpiiM noKOMnoneHTHoe npaBoe p^e&CTBue fliicKpeTHoft rpynnbi 

^[fho^ = f / := (stab5,o/)/(stab5,o/)0 (8) 

na npaMOM npoH3Be/];enHH 5'>_[j].^^^ x ^ HH/];yii,HpoBannbiMH aBTOMop4)H3MaMH npocTpancTB (l5|), (|6|). 
CorjiacHo [31 3.3], sto jie&CTBHe cbo6o/i;ho h flncKpeTHo, a npocTpancTBa op6HT 

^HfU. ■■= (%[/l.o. X t/f)/?,, A^^],^^^ := X Ur)/ff C (9) 

SBjiJiioTCH 3g-MepnbiM OTKpbiTbiM Mnoroo6pa3HeM h ero + 2g)-MepnbiM no/];Mnoroo6pa3HeM cooTBeT- 
CTBenno. 

Ulaz 3. HsyHHM B3aHMOCBH3b 3g-MepHbix Mnoroo6pa3Hii A4^r ri , M^}\„-\ flJia npHMbiKaiomHX Kjiac- 

COB H30TonHOCTH [/]isot ^ [sjisot (cM. o6o3nanenHe l3.11 fB)). HycTb f ^ F^ - OTMenennaa (|)ynKn;HH CBoero 
Kjiacca H30TonnocTH, h nycTb 4)ynKn;H5i f £ F^ nojiynena MajibiM B03MymenHeM 4)yHKii;HH f £ F^ , npn- 
HCM Cj- = Cf. 05o3nanHM nepe3 g OTMenennyio 4)ynKii;Hio Kjiacca H30TonnocTH [/]isot, J' ■= J{c{f))i h 
Hepe3 = hfj' := hj ^ € flH4)4)eoMop4)H3M, nepeBO/^Hmnfi jihhhh ypoBna 4)ynK^nn g b jinnnn 

ypoBHa 4)ynKn;HH / c coxpanenneM nanpaBjiennH pocTa (on cymecTByeT BBH/i,y H30TonnocTH 4)ynKii;HH 
f,g)- Corjiacno |16| yTBepjKflenne 1.1 n §3] hjih [3], Bbinojineno J' < J := J{c{f)) h HMeeTCH ciopb.eKii,Ha 
(5[/]isot MHOJKecTBa Bcex ynopHflonennbix pa35HeHHH J' ^ J na MHOJKecTBO Bcex KjiaccoB H30TonHOCTH 
[fflisot ^ [/]isot (cm. o6o3HanenHe 13.1T B)). TaxaH hto 

5[/]isot: J' = J{c{J)) = J{{h-^j,r\c{g))) ^ 5AfUt ■■= [fhot. (10) 

XOTH COnOCTaBJieHHe ([/]isot; «^') ^ ^fj' HBJIHeTCH Ofln03HaHHbIM (t.B. /];H4)4)eOMOp4)H3M hfj' 3aBHCHT, 

Boo6ii];e roBopa, ot B03Myn];eHH0H 45yHKn,HH /, TaKon hto Cj= Cf h J[c[f )) = J'), no b CHjiy [21 jieMMa 

1] CMejKnbili Kjiacc hf^j'{stah^og)(DiS^{M,Cg)) onpeflejien KoppeKTno, r^e nepe3 Y)iS^{M,Cg) C 060- 
3HaHeHa rpynna /];H4)4)eoMop4)H3MOB napbi {M,Cg), roMOTonnbix idM b Kjiacce roMeoMop4)H3MOB napbi. 
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PaccMOTpHM HH;i;yii,HpoBaHHbie HSOMopcJ^HSMbi BeKTopHbix npocTpancTB: 

hfjr.H}^Hl hljr.Hj^Hl, (11) 

CM. ([S]), PaCCMOTpHM B ( — l;l)'"^'l OTKpblTbie r j-HHBapHaHTHbie nOflMHOJKeCTBa 

^'e(<5[/]i.ot)-H[9]iBot) 

CorjiacHO [31 §3], npHMoe npoH3Be;];eHHe h30mop4)H3mob b (llip HH/];yii,HpyeT KoppeKTHO onpe^ejieHHoe 
BjioJKeHHe 3g-MepHbix otkpbitbix MHoroo6pa3HH: 

ff{c,u)^fg{h}y{c),hlj,{u)), {c,u) G Sf^^j, X C/f , 

me 5j'[/]isot = blisot (cm. ®, (HUD). 

niaS 4- HpeflnOJIOJKHM, HTO OTMeHeHHbie 4)yHKII,HH / BCeX KJiaCCOB H30T0nH0CTH [/]isot HMeiOT OJXHO H 

TO JKe MHOJKecTBO KpHTHHecKHX TOHCK Cf^x = Cf^^\ c yHeTOM MBTOK, A = 0, 1, 2 (cM. onpejejieHHe 12 ■ iT B ■ C) 
H mar 2). PaccMOTpHM TonojiorHHecKoe npocTpancTBO 

(FV-isotf'' x{-l;lff*^ xHl « (FV -^i.ot)^"''^ X (-1;1)'?xM2^ 

rp^e {F^ / '^isot)*^''^" := F^/ ~isot c /],HCKpeTHOH TonojiorHefi, h ero noflnpocTpaHCTBa 

^f-= U {[/W}x5y^],^„,xC/[^^^^^, 

U {[/U}x%],^„,xC/[^^^^^CX^. 

[/] isotG-?^"'"/~isot 

Onpe^ejieHHe 3.2 (MHoroo6pa3He A4). IlycTb A4 := (X^/ ~)/ ~giuo ^ npocTpancTBo c cjaaKTopTo- 
nojiorHeii, rjj^e OTHomeHHH 3KBHBajieHTHOCTH ~, ~giue Ha MHOJKecTBax X^, := X^/ ~ nopojKflenbi 
cjie/],yioii];HMH OTHomeHHaMH: 

(oTHomeHHe ~ na X;^) fljiH KajK^oro Kjiacca hsotohhocth [/]isot paccMOTpHM npoeKu;Hio {[/]isot} x 

'^Hfh.ot ^ ^[/]isot ~^ {[/]isot} X -^y/].^^^ =: ■»^b[/]i.ot (^^- ®)' ^ Ha30BeM TOHKH MHOJKeCTBa {[/]isot} X 

•^^[/lisot ^ ^[/]- t ~'^'*^s^6^'^6HmHWAtii, ecjiH Hx o6pa3bi npn stoh npoeKii,HH coBna/i;aK)T; oSosHaHHM f := 
{[/]isot} X Ml}^^^^^ C C Y^; 

(oTHomeHHe ~giue Ha Y^; OTo6pajKeHHH HHu;H/];eHTHOCTH) fljia KajKfloft napbi npHMbiKaiomnx KjiaccoB 

[/]isot ^ [fi'lisot (cm. 0603HaHeHHe 13. 1|) paCCMOTpHM BJIOJKeHHe COOTBeTCTByromHX 3g-MepHbIX OTKpblTblX 

MHoroo6pa3Hii, Ha3biBaeMoe omo6paDiceHueM UHii^udeHmHocmu 3to& napbi: X[/]isot,[9]isot • ^[9]isot-^?[/]- t ^ 

(KOTopoe TOJKe o6o3HaHHM X[/]isot,[5]isot)' Ha30BeM jiK)6yK) TOHKy MHOJKecTBa <9[g]igQt''^>-[/]ij,Qt C Y>- II ee o6pa3 
B Uy[g]^^^^ C Y^ npH /laHHOM BjioJKeHiiH ^gl^^g-^KeueaAeHmHUMU. 

IlycTb px- X>- — > A^, py- Y>- — 7- - KaHOHHHecKiie npoeKii;iiH. IIojiojkiim Y := X/ ~C Y;-, 
^Hfhot ■=PY{vy[f].^J, HasoBeM M[f].^^^ ■=pY{v[f].^J cmpamoMBM. 

TaK KaK X)- - rjia/];Koe OTKpbiToe 3g-MepHoe MHoroo6pa3He c ecTecTBeHHoii njiocKoli a4)4)HHHoii cbh3- 
HOCTbK), H rpynnbi Tj^-j.^^^^ fleitcTByioT na neM c coxpaneHiieM cbh3hocth, to Y^ tojkb HBjiaeTca rjia^KHM 
OTKpbiTbiM 3g-MepHbiM MHoroo6pa3HeM c njiocKOH a4)4)HHHOH CBHSHOCTbK), npiiHCM nepecBHeHHe JII060H 

ero CBa3HOH KOMnOHCHTbl ^^^[/Jig^t C nOflMHOJKeCTBOM Y C Yy aBJIHeTCH nJIOCKIIM (s([/]) + 2g)-MepHbIM 

noflMHoroo6pa3iieM. 
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yTBep:HCfleHHe 3.3 ([31 TeopeMa 4.3]). IIpocmpaHcmeo Ai := Y^/ ~giuo o6Aadaem cmpyKmypou ZAadnozo 
3q-MepHogo MHOzoo6pa3un u uaockou g^^uhhou cenaHocmbio, ZAadKou omHocumeAbHO amou cmpyKmy- 
pu. flAR KaMcdozo KAacca uaomonHocmu [/]isot omo6paMceHue pY\x,^yy '■ '^)~[f]isot ~^ neAHemcn ZAad- 
KUM pezyAHpHUM BAOMceHueM ZAadKux 3q-MepHux MHOzoo6pa3uu, coxpaHHWu^uM acfjcfjuHuym ceHSHOcmh, 
a nomoMy nodMHOoicecmeo -^^[/jig^t — P^('*^>-[/]isot) oniKpumo. Omo6paoiceHue Py\y- ^ M 

6ueKmueH0. B uacmHocmu, cmpamu C M nonapno ne nepeceKatomcn, neAniomcH uaockumu 

(s([/]) + 2q)-MepHUMU nodMHOsoo6pa3unMU u noKpueamm ece A4. /^ucKpemnan gpynna SsjS!^ u zpyn- 
na DifF^[— 1; 1] deucmeymm na Ai cnpaea u CAeea (coomeemcmeeHHo) du(f>(f>eoMopcfju3MaMU, coxpannio- 
muMU acfjcfjuHHyto censHocmb, cmpamu(fiuKati,um u cucmeMy orriKpumux nodMHOcucecme Ai-^ify^^^^ C ^A 
(naaueaeMux cnei^uaAbHUMu oKpecmHocmHMU cmpamoe). 

4 roMeoMoptJ)H3M Me^Kffy yHHBepcajibHbiM npocTpancTBOM MOflyjieii ¥^/^^ ocHamen- 
Hfaix 4)yHKu,HH Mopca H MHorooSpasHeM Ai 

Onpe^ejieHHe 4.1 ([H §9]). OcHaiu,eHHOu cpynKv^ueu Mopca na opucHmupoeaHHOu noeepxHocmu 

(M, d~^M, d~M) HasoBBM napy (/, a), rj^e f € F — 4)yHKii;Ha Mopca na (M, d~^M, d~M), a — saMKHyTaa 

l-4)opMa Ha M\{CffiUCf^2), TaKHe hto 2-(|)opMa df Aa ne HMeeT nyjieii b M\Cf h saj^aeT nojioJKHTejibHyK) 

OpHeHTaLi;HIO, H B OKPCCTHOCTH JIIo6oH KpHTHHeCKOft TOHKH X Cf CymeCTByiOT JIOKajIBHbie KOOp;];HHaTbI 

u,v, B KOTopbix jih5o f = - v'^ + f (x) , o = d{2uv) , jih6o / = Xf^xiu^ + v"^) + f{x), a = Xj^x ) 
rfle xj-j. = const ^ 0. 05o3HaHHM nepea npocTpancTBO ocHameHHbix 4)yHKii;HH Mopca {f,a), TaKHX 
HTO f ^ F^. CnaGflHM ero C°°-TonojiorHeH (cm. [1] §4]). 

C4)opMyjiHpyeM Ses ^OKasaTCjibCTBa TexHHHecKyio jieMMy. 

JleMMa 4.2. /Jah Am6ou (f}yHKii,uu Mopca f ^ F^ cymecmeyem SAadKoe Zq-napaMcmpuuecKoe ceMcucmeo 
ocHatneHH'bLX (fiyHKVjUU Mopca i^fc' j Oif,u 

) e c napaMcmpaMu {c' ,u) G ^f,diJ{c{f)) ^ ^f°> rnanoe umo 
fc(f) = f, Cf^, = Cf, c{fc') = c! , [af^u] = u£ Hj. 

Onpe/iejiHM "BbiHHCjiHioiii,ee" OTo6pajKeHne Ev : F^ — ?• 7W 4)opMyjioH 

Ev(/,a) :=Px([/]isot,/i/l(c(/)),%Ja]), if,a)e¥\ (12) 

rfle fo £ F^ - OTMeneHHaa (JjyHKi^HH Mopca Kjiacca hsotohhocth [/]isot) ^/,/o ^ ^ KaKOH-HH6y/],b 

flHcJxJ^eOMOpcJjHSM, nepeBO/I,HIII,HH JIHHHH ypOBHH 4)yHKI^IIH /o B JIHHHH ypOBHH 4)yHKLi;HH / C COXpaHCHHeM 

HanpaBjieHHH pocTa h HyMepaii;HH OTMeHennbix xpHTHHecKHX tohck (cm. (jlOp ). a h*^^^: Hj H^^ h 
h*j '■ F[j — )■ Hj^ - HH/];yii;HpoBaHHbie H30Mop4)H3Mbi (cm. ([5]), ([6]), (fTO]) ). 

yTBep:»cfleHHe 4.3. Omo6paMceHue Ev: F^ — > 7W odnosHaHHo, S>^ -uHeapuaHmHo, Henpepueno u undy- 
VjUpycm & / -3K6ueapuaHmHuu soMCOMopcpuaM Ev: ¥^ / — > M. 

/JoKasameAbcmeo. Ulaz 1. HpoBepHM oflHosnaHHOCTb OTo6paJKeHHH Ev. 06pa3 

Px{[fUt,h}%{c{f)),h}jJa]) e M TOHKH msot,h}\{c{f)),h}j^[a]) G {{fUt} X xUf CX 

He 3aBHCHT OT Bbi6opa flH4)4)eoMop4)H3Ma /i /,/(,) TaK KaK fljia jiio6oro ^pyroro TaKoro /];H4)4)eoMop4)H3- 
Ma hfjg B CHjiy [2] JicMMa 1] BbinojiHeHO hj^j^^hfj^ G (stab^o/o)(Diff''(M, Cj^)), a fleficTBHe rpynnbi 
(stab^o/o)(Diff''(M, Cjq)) na A^^j^^^j ^ ^ ''^bl/olisot ^ TpHBHajibHo (cm. ([8]), ([9])). 0;i,H03HaHH0CTb Ev 

UJaz 2. ^OKajKCM nenpepbiBHOCTb OTo6pa>KeHHH Ev b jiio6oh tohkb {f,a) G F^. ^jih ocHameHHofi 
4)yHKLI,HH Mopca (/, 5) G F^, flOCTaTOHHO 6jih3koh k (/, a), paCCMOTpHM 6jIH3KHH k idAf /];n4)4)eoMop4)H3M 
h G TaKoii hto h{Cf ) = Cj, h ynopHflOHCHHoe pa36HeHHe J' ^ J{c{fhfjg)), TaKoe hto J{c{fhhfjg)) = 

J' , OTKy;],a (Jj'[/]isot = [/]isot) CM. (|lUp . HycTb g - OTMeneHHaH 4)yHKii,HH Kjiacca H30TonHOCTH [/]isot- Torjia 
Ev(/, 5) = pxiighot, /i^",^, ^^^^(c(7M;jJ), /ij-^^^, 5]) (13) 
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= pxilgUt, hl^j,{c{fhhfj,))Xf,A^lf,h*a]) = px([/]isot, hfj^{c{fh)l h}j^ [h*a]), 

rfle nocjie/iHee paBencTBO cjie^yeT h3 Toro, hto OTo6pajKeHHe HHu;HfleHTHOCTH Xfo,g HH/];yii,HpoBaHO oto6- 
paJKeHHeM /i/q,j' G ^Jhhj j g{^^^Si°9)(^'^^^{^i^g))- C'^-Gjihsocth h k id^f cjie^yeT, hto 0-KOLi;enb 

c{fh) G i/j 6jIH3Ka K c(/) (BBH^y C^-6jIH30CTH 4)yHKU;HH f K f), a KJiaCC OTHOCHTejIbHblX l-KOrOMOJIOrHit 

[h*a] G -ffj 6jih30k k [a] (sBH^y C'^-6jih30cth l-4)opMbi a k a BHe Majibix OKpecTHOCTefi ToneK jioKajib- 
Hbix MHHHMyMOB H MaKCHMyMOB (]3yHKii,HH /, CM. onpeflejicHHe TonojiorHH B npocTpaHCTBe B [U §4.2]). 
IlosTOMy TOHKa Ev(/,5) 5jiH3Ka k px([/]isot) ^j'jq(c(/)), /ij [a]) = Ev(/, a) BBH/],y nenpepbiBHocTH npo- 

eKLi,HH px- X>- — 7- := (X>-/ ~)/ ~giue- HenpepbiBHOCTb Ev flOKasana. 

UJaz 3. Ho nocTpoeHHK) Ev HBjiaeTCH ^*^-HHBapHaHTHbiM. Hn^yi^HpoBaHHoe OToGpajKCHHC Ev: ¥^ / — > 
M HenpepbiBHo BBH/],y nenpepbiBHocTH oTo6pa>KeHHH Ev. Oho i^/^'^-sKBHsapHaHTHo no nocTpocHHK). 
rioKajKCM, HTO Ev Ghckthbho. 

MHseKmueHocnib. HycTb Ev(/, a) = Ev(/i,ai). BBH/];y HHi-eKTHBHOCTH Py\y i^^- VTBepacjeHHe [3^ 

BbinOJIHenO [/]isot = [/l]isot H HMeeTCH flH4)4)eOMOp4)H3M hi £ nepCBO/lHmHH JIHHHH ypOBHH 4)yHKU;HH 

/ B JIHHHH ypoBHa (J)yHKH,HH /i c coxpaHCHHCM HaHpaBjicHHa pocTa H TaKoii, HTO h*^{c{fi)) = c{f) G Hj 
H /i|[ai] G r[j]._,^Ja]. OTCio^a /i2/ii[ai] = [a] j^Jisi neKOToporo /12 G stab^o/ (cm. ([S])). HoaTOMy j^jin 
(12,02) ■= (hih2)*(fi,ai) G F^ BbmojiHeHo Gf^ = Gf, c(/2) = c(/), [02] = [«]■ 

IIoKajKeM, HTO cymecTByeT (e^HHCTBenHbiii) /i,H4)4)eoMop4)H3M h £ Si, HepeBOflamHH b ce6}i KajK- 
floe opHeHTHpoBaHHoe pe6po rpacjja G/ h TaKoli, hto h*(f 2,02) = (f,o). B Majibix OKpecTHOCTax Uj,Uj 

KaJK/lOH Ce/IJIOBOH TOHKH l/j G Cj^i B M paCCMOTpHM JIOKajIbHbie KOOpflHHaTbl U,V flJIH (f,a)\u. H ^2,^2 

AJia (f2,02)\jj. KaK B OHpejejieHHH HTTl Be3 orpaHHHeHHH o6ii];hocth 6y/;eM CHHTaTb, hto HanajibHbie 
OTpesKH BH/i,a {0 < ti = < e} H {0 < n2 = f2 < £2} pe5ep rpacjja Gf, BbixoflHiii;Hx hs BepniHHbi 
Uj, coBHa^aioT (b hpothbhom cjiynae saMCHHM (7x2,^2) Ha (— ^2,— ^2))- Onpe/iejiHM /];H4)4)eoMop4)H3M 
h\ij': U!j U!j B, 6biTb MOJKCT, MeHbineli OKpecTHOCTH U!: C Uj ycjioBHCM (ii2,'y2) ° ^If/' = (u,v)\u', 

3 3 3 

rfle [/■ := /i(f/') C f/j. Tor^a /i|rr/ (/2, 02) = (/)")!{/'■ HpoflOJiiKHM stot /];H4)4)eoMop4)H3M na Ka>Kfloe 

J J U ■ j 

pe6po ei rpacj^a Gf ycjioBHCM (/i|e^)*(tt2|e^) = o\eg- 3to bosmojkho, Tax KaK HHTerpajibi l-cJjopM a h 

a2 HO OpHCHTHpOBaHHOMy pe6py paBHbl. HpOflOJIJKHM 3T0T flHcJjcJ^eOMOpcJjHM B MajiyiO OKpeCTHOCTb Vn 

KycKa ei \ (uJ^j^C/j) SToro pe6pa ycjioBHCM h\y^(f2,02) = (f,a)\v^, hojiojkhm := h(Vi). Ha MHOJKCCTBe 

Cffi U Cj^2 TOHCK JIOKajIbHblX MHHHMyMOB H MaKCHMyMOB OHpCflejIHM h\cj: gUCf 2 ■~ i"^C/ oUC/ 2 ' OcTajIOCb 
HpOflOJIJKHTb HOCTpoeHHOe OTo6pa>KeHHe Ha OTKpblTOe HOflMHOJKCCTBO M \ (Gf U Cffi U C/^2) C M, HB- 
JMIOmeeCH flH3'bIOHKTHbIM oG-be^HHeHHeM KyCKOB, KaJKflblH H3 KOTOpblX rOMCOMOpcJjeH OTKpblTOMy HJIH 

HOJiyoTKpbiTOMy ii;Hj[HHflpy x (0; 1) h x [0; 1). P,Jiii KajK^oro TaKoro KycKa Z OTo6pajKeHHe h yjKe 
HOCTpocHO Ha Z \ Z C GfUCffiUCf^2- HycTb TOHKa X G Z D Gf ue HBjiHeTCH kphthhcckoh, h nycTb 
OKpyjKHOCTb 7^ := Z n (/^^(^(inf /|^ + sup/|^))) opneHTHpoBana KaK b oGosnanenHH [231 fl.-^^ jho6oh 

TOHKH y Z paCCMOTpHM TJia/lKHH HyTb ^x.y '■ [0; 1] — )• Z H3 X B y, TaKOH HTO 7x,j/((0; 1)) C Z. IIOJIOJKHM 

Az,a ■■= f a>0, gz,xAy) ■= oeM, y e Z. 

TaK KaK Z roMeoMopc|)eH OTKpbiTOMy hjih HOJiyoTKpbiTOMy H;HjiHHflpy h l-cJjopMa a saMKHyTa, to 4)yHK- 
ii,Ha gz,x,ai^odAz,a- Z —?■ M./Az^a'^ KoppeKTHo oHpe^ejieHa, T.e. ne saBHCHT ot Bbi6opa nyTH 'yx,y 

ITo yCJIOBHK) Az^a = Az^a2- OHpeflCJIHM OTo5paJKeHHe h\z yCJIOBHCM {f2, gz,h{x),a2^^'^ ^Z,a) o h\z = 

(f, gz,x,ai^od Az.a)- HycTb ei C Gf - pe6po, co/iepjKamee TOHKy x. Herpyj^HO /];oKa3biBaeTCH nenpepbiB- 
HOCTb OTo6pajKeHHH h\zuei- 0Tcio/];a, c yneTOM pabencTBa [a] = [02] G Hj, cj[e/i,yioT HenpepbiBHOCTb h 
Ghckthbhoctb OTo6pa>KeHHH h\-^. To, hto /i|j\/\(Cy qUC/ 2) SBjiaeTCH flHcJacJ^eoMopcJjHSMOM, cjiejxyeT h3 Toro, 
HTO cjie/iyiomHe napbi 4)yHKU,HH HBjiHioTca peryjiapHbiMH KoopflnnaTaMH: napa Koop^nnaT (u, v) b C/j 

(cOOTBCTCTBeHHO (U2,V2) B Uj)] Hapa 4)yHKU;HH {f,ge) B Vi (cOOTBCTCTBeHHO (/2,5^) B Vi), rpfi 4)yHKII,HH 

gi H gi oHpe/iejieHbi ycjioBHSMH dgi = a\vi h dgn = a2\y; napa 4)yHK^HH {f2,gz,h{x),a2'^o'^^z,a) h 
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(/) 5z,x,Q mod A^^Q,) B Z. Wo nocTpoeHHio (/, a) = h*{f2,a2)- To, hto h HBjiaeTca flH4)4)eoMop4)H3MOM 

B MajIOH OKpeCTHOCTH Wx JII060H TOHKH X G Cffi L) Cf^2 MIIHHMyMa HJIH MEKCHMyiVia, flOKaSblBaeTCH c 

noMombio nojiapHbix Koop/innaT, OTBenaiomHX peryjiapHbiM KoopflnnaTaM u,v flJiH {f,a)\wx (cm. onpe- 
jejieHHe 14. ip . h aHajiorHHHbix nojiapHbix KoopflHHaT fljiH {f2,Oi2)\Wx- 

TaK KaK /],H4)45eoMop4)H3M h nepeBOflHT b ce6ii KajKfloe opneHTHpoBaHHoe pe6po rpa4)a Gf = Gf^, 
npHHeM /i*[a2] = [a] = [02] € to /i S DiS^{M,Cf) C corjiacHO f3', jieMMa 3.4]. rio flOKasaHHOMy 
(/, a) = h*{f2,a2) = (/ii/i2^)*(/i,ai) G ^°(/i,ai) G F^/^°, h HH^beKTHBHocTb /lOKasana. 

CtopneKmueHocmb. OTo5pajKeHHe Pxl^- X — > dopT-eKTHBHO BBH^y ciopi.eKTHBHOCTH OTo6paJKe- 
HHH X — > Y = X/ ~ H pyly: Y ^ M. (cm. yTBep>K;],eHHe 13. 3p . riosTOMy flocTaTOHHO noKasaTB, hto 
fljiH JI1060H TOHKH ([/]isot5 c', li) G X cymecTByeT ocnameHHaa 4)yHKii;Ha Mopca (/,a) € F^, TaxaH hto 
Px([/]isot7 c', u) = Ev(/, 5). riycTb / - OTMeneHHaa (JjyHKi^Ha CBoero Kjiacca HSOTonHOCTH. Hs BKjnoHeHHii 
c' £ 5'/^j{c(/)) C 5'/^^j(c(/)), u G f/j" H jieMMbi 112] nojiynaeM nyTb (/j,5) := (/tc'+{i-t)c(/), "/,«) G 
B npocTpancTBe ocHameHHbix 4)yHKii;HH Mopca, TaKOH hto Cj^ = Cf, fo = /, c(/i) = c' h [5] = u. 
OTciofla H H3 (|13p nojiynacM Tpe6yeMoe paBCHCTBo 

Px([/]isot,c',n) = px([/]isot, c(/c'), [a/,«]) = Ev(/c/, a/,n). 

ZZJag ^. rioKajKeM, hto HenpepbiBHaa SmeKu^m Ev: F^/^*^ ^ Ai hbjihctch roMeoMop4)H3MOM. OcTa- 
Jiocb flOKasaTb, hto Ev : A4 — )• ¥^ / HcnpepbiBHO. CorjiacHO jicmmc HMeeM nenpepbiBHoe (BBH^y 
rjiaflKOCTH ceMelicTBa) OTo6pajKeHHe 

sf. S^^f],^^^ X ^ ¥\ ic',u) ^ {f,',af,u), (14) 

flJIH KOTOporO BBHfly ()13P BbinOJIHeHO 

E^o go ?j(c',n) = Evo?j(c','u) =px([/]isot,c',u), (c',n) G S^f/ij^^, x C/f , (15) 
rfle (7: — 7- F^/^'^ - npoeKii,HH. HoBTOMy 

E^"^ °P^I{[/]isot}x5^[^j.^^^x[/-([/]isot,c',u) =qo'Sf{c',u), {c',u) G x C/f . 

Oxciofla H H3 HenpepbiBHOCTH OTo6pajKeHHH qojj cjiepyeT nenpepbiBHOCTb OTo6paJKeHH5i Ev ^ . ^eiicTBH- 
TCJibHo, no yTBepjK/i,eHHio [3]3] noflMHOJKccTBo oTKpbiTo B A4, a oTo6pajKeHHe 

^'^l{[/]i=ot}x5>-[;j.^^^xl/-: {[/]isot} X ^[j].^^^ xUf ^ -^bl/lisot ecTb K0M^03H^H^^ naKpbiTHH {[/]isot} x 
-^[/lisot ^ {[/]isot} X = ^^b[/]isot (cm. dSD) H roMeoMop4)H3Ma py|t;^[^,.^^^: i^tlfhsot ^ 

■^^[/lisof ^ noTOMy OHO jioKajibHO hbjihctch roMeoMop4)H3MOM. YxBep^KjieHHe HTSl jioKa3aHO. □ 

5 ^°-3KBHBapHaHTHbIH TOMeOMOpcJjHSM ¥^ ^ X Ai 

OSosHaneHHe 5.1. ripe^nojioJKHM, hto kojimhcctbo |C/ \ C| = p + q + r — {p* + q* + r*) OTMeneH- 

HblX, HO He 4)HKCHpOBaHHbIX, KpHTHHCCKHX TOHBK JIK36oli cJjyHKI^HH f £ F HOJIOJKHTCJIbHO. OHKCHpyCM 

HenycToe HOflMHOJKecTBo C/, C C/^ \ C h ji^jis jiio6oh 4)yHKn,HH f £ F o5o3HaHHM Hepe3 Cf C Cf \C 

MHOJKeCTBO ee KPHTHHCCKHX TOHCK C TCMH JKC MCTKaMH, HTO H TOHKH MHOJKCCTBa C f^ . PaCCMOTpHM nOfl,- 

npocTpancTBO F* := {/ G F \ Cf = Cf^} C F. Oho HBjiaeTca o6o6n];eHHbiM npocTpancTBOM 4)yHKu;HH 
Mopca Ha hobcpxhocth (M, d^M, d~M) (cm. onpejejieHHe 12.1] ). KajK^aa 4)yHKH,HH KOToporo hmcct poBHO 
\C\ + \Cf \ = \C*\ G (|C|, \Cf^\] 4)HKCHpoBaHHbix KpHTHHecKHx TOHCK, Tflc C* := C U C f^ H := C\ n C* 

CyTb MHOJKeCTBa BCeX 4)HKCHpOBaHHbIX KpHTHHCCKHX TOHCK H cJjHKCHpOBaHHblX KpHTHHCCKHX TOHCK HH- 

flCKca A G {0,1,2} cooTBCTCTBeHHO, C C C* C Cf^, CM. o6o3HaHeHHe 12.2] AnajiorHnHO o6o3HaHeHHK3 

o6o3HaHHM 

:= BiS+{M,d+M,d-M,C^,C*i,C^), (^*)° := Diff°(M,C*), 
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{¥*)' ■.= {{/, a) \f eF*}. 



B cjiynae Q paccMOTpHM ^jih npocTpancTBa F* cooTBeTCTByiomee 3g-MepHoe MHoroo6pa3He A4* (cm. 
VTBepacjeHHe [313]) . HycTb Ev* : (F^)* — )• 7W* - BbiHHCjiaiomee OTo6paJKeHHe, anajiornHHoe BbmiicjiHio- 
mcMy OToGpajKCHHio Ev: F^ — )■ (cm. p2p ). Ho VTBepaciieHHio oho HHflyii;HpyeT roMeoMopcJjHSM 
E^: (F*)V(^*)0 ^ 

JleMMa 5.2. ^yiji npocmpaHcme F* C F o6o6iu,eHHUx (pyHKii^uu Mopca (cm. oGosHaneHHe 15. ip omo6pa- 

McenuR eKAmueHUH j : S^* ^ Si , i: (F*)^ ^ F^ UHdyv^upymm usoMop^usM j : S*/{S* D S^) ^> S / S^ 

u zoMeoMop(pu3M 1 : (F*)V(^* H ^ FV^°. 

EcAU \C*\ < x{M) + 1, TOO ^* n = (^*)°, omnyda UMemmcn u30Mop(pu3M j: ^*/(^*)° = 

&* /{Si* n ^> S/S^ zpynn Knaccoe omo6pacHceHuu u zoMeoMopcpusM i: (F*)V(^*)° = (¥*y/{S* D 
S^) ¥^ / S^ ynueepcaAbHux npocmpaHcme ModyAeu, a e CAyuae ([3]) maKCHce ducfjcpeoMopcpusM k := 
EvoioEv* : M* A4 3q-MepHux MH020o6pa3uu (coxpaHa,mui,uu a(p(puHHyio censHocmb u cmpamu- 
cfiuKai^uK)) . 

/JoKasameAbcmeo. Henocpe/icTBeHHO npoBepaeTCH, hto j - h30mop4)H3m, a i - HenpepbiBHaa GneKu^nn. 
^OKaJKeM HenpepbiBHOCTb (i)~^. JX^^ jiio6oh ocHameHHoii (JjyHKi^HH Mopca (/o,Q!o) S F^ paccMOTpHM 

/];H(J)4)eOMOp4)H3M € S^, TaKOH HTO /lo(/0;CKo) € (F*)^. BbHfly HenpepblBHOCTH OTo6paJKeHHH F^ — > 

F^ — 7> Afl''^*!, (/, a) >—^f>—^Cf (cm. [1]) h jioKajibHoit TpHBHajibHocTii paccjioenna S^ — ?> M^'^f*^, 
h h{Cf^) = Cf^fi-i (co cjiocm S* R na/i, tohkoh Cf^, cm. [29j), cymecTByioT OKpecTHOCTb U C F^ 
ocHameHHOH 4)yHKii;HH Mopca (/o,ao) b F^ ii nenpepbiBHoe OTo6pajKeHHe i/: U — ?• S^, TaKHe hto 
H{fo,ao) = ho m (H (f , a))* {f , a) € (F*)^ p,jm jiK)6oii {f,a) € U. IlojiyHaeM nenpepbiBHoe OTo6pa- 
jKCHHe U ^ (F*)V(^* n S°), (/,a) (^* n S'^){{H{f,a))*{f,a)), coBna/iaioiAee c K0M^03H^HeH 

(I) ^ - 
U Fi ^ fV^o '-^ (F*) V(^* n s^), OTKy^a cjiejxyeT nenpepbiBHOCTb OTo6pajKeHHH (i) . 

nycTb \C*\ < x(M) + 1. BKjiioHeHHe S* D S^ ^ {S*)° ohcbh/^ho. HoKajKCM, hto S* H S'^ ^ {S*)°. 

HycTb T* C S* - no^rpynna, anajiornHHaH T C S, cm. o6o3HaHeHHe 12 . 2 f B ) . Tax KaK S*riS^ C ^*nT = 

T* H KOJIHHeCTBO (J^HKCHpOBaHHblX TOHCK \C*\ < xi^) + 1> TO H3 ([2]) CJICflyCT (S*)^ = 7"* D f^* H 

JleMMa flOKa3aHa. □ 

yTBep:HCfleHHe 5.3. B CAynae ([3]) npaeoe deucmeue gpynnu T d S (cm. o6o3HaHeHHe I2.2p na F^ sie- 
AHemcH ceo6odHUM. HMeemcn S^ -SKeueapuaHmHuu zoMeoMopcf)U3M p^,: F^ S*^ x A^, KOMno3uv,UH 
Komopozo c npoeKV,ueu S^ x M. ^ M. coenadaem c Ev. 3decb zpynna S^ deucmeyem na S^ x Jv[ cnpaea 
no (fiopjuyAe {hi, h2,m) {h2hi,m). B uacmHocmu, euHUCAHmw,ee omo6paMceHue Ev: ¥^ ^ M nenn- 
emcH mpueuaAbHUM S^ -paccAoenueM, a noAHUu npoo6pa3 Forg^^([/]isot) ah)6ozo KAacca usomonHocmu 
[/]isot e F^ npu 3a6ueaiom,eM omo6paMceHuu Forg^ : F^ ^ F"^ goMeoMopcpen npjiMOMy npouseedeHum 
^° X ^[/lisot ~ ^° X -^[/lisot = ^° X Ev(Forg^i([/]isot)) C S^ x M. 

/JoKasameAbcmeo. UIaz 1. ^OKajKCM cboGo^hoctb /i,eHCTBHH no/],rpynnbi T C ^ na F^. Ecjih h £ T h 
h*{f,a) = {f,a), TO corjiacHO [Si jicMMa 3.4] BbinojiHCHO h € (stab^o/)'^, a noTOMy /i nepeBO/i,HT b ce6a 
vi&yKpfye pe6po rpacj^a Gf (cm. o6o3HaHeHHe 12.4]) . OTciofla cjie/iycT, hto /i = id^f BBH/iy e^HHCTBeHHOCTH 
/],H4)4)eoMop4)H3Ma h £ S, coxpanaromero ocHamennyio 4)yHKii,Hio Mopca (/, a) h nepeBo^amero jiK)6oe 
pe6po rpacj^a Gf b ce6H (cm. flOKa3aTejibCTBO VTBepacjenHH W?^ mar 3, HHT^eKTHBHOCTb) . 

UIaz 2. llocTpoHM HenpepbiBHoe OTo6pajKeHHe s: — )• F^, TaKoe hto Ev o s = id^ (t.c. npaBoe o6- 
paTHoe OTo6pajKeHHa Ev) . CorjiacHO yTBcpjKfleHHio 13.31 npocTpancTBO M hejihctch rjia^KHM 3g-MepHbiM 
MHoroo5pa3HeM h noKpbiTO otkpmtmmh no^MHOJKecTBaMii M.-^[f]i^^i C AA. OHKcnpyeM na M. KjieTOHHoe 
pa36HeHHe (cocToamee, Boo5me roBopa, h3 6ecKOHeHHoro HHCjia kjictok), TaKoe hto KajKflaa ero 3aMKHy- 
Taa KjieTKa i^cjihkom co/iepjKHTCH b o^Hoit h3 oGjiacTeii A^)-!/];^^^ h xapaKTepncTHHecKoe OTo6pajKeHHe 

JII060H KJICTKH HBJIHCTCH rOMeOMOp4)H3MOM Ha CBOH o6pa3. PaCCMOTpHM JXBQ. CJiyHaH. 
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CAyuau 1. npe/i,nojioJKHM, hto x{^) < p* + Q* + r* . IlycTb Ai^''^ - k-uepubm octob KjieTOHHoro 
pasGneHHa, k < dimTM = 3q. By^eivi cTpoHTb oTo6pajKeHHe Sk '■ A^'-'^^ — )• F^, TaKoe hto Ev o Sk = id^(fe), 
HHflyKi^Heii no k. HpH k = —1 CTpoHTb Henero, TaK KaK Al^"^) = 0. HycTb A; > h OTo5pajKeHHe 
Sk-i nocTpoeno. PaccMOTpHM juoGym /c-Mepnyio KjieTKy a = C A^'-'^-* pasGnenHH. Ho nocTpoeHHio ee 
saMbiKaHHe ii,ejiHKOM co;],epjKHTca b ofxaoVi h3 o6jiacTeii A4>-[/]isot- Bbi6epeM KaKoe-jiH6o no;],HHTHe 

saMKHyTOH KjieTKH a npH naKpbiTHH Px\{[f],,,^}xSyyy^^^^>^Uf o «[/Lot- "^^rl/lisot ^ Uf ^ -^>:[/]isot' r/^e 
«[/]isot : {[/]isot} X X C/^ ^ %[/]i3ot X f^f - ^poeK^H^^. Tor/;a 

o o £^ = id^. (16) 

PaccMOTpHM flBa {k — l)-MepHi>ix c4)epoH/];a b F^: 

Si := Sk-i\a^, : S''^' « Sa'^ -^¥\ S2 := sj o : 5^-^ « ^ 

CM. (|14p . Tor/ia Ev o Si = idgk-i^ i = 1,2, Tax KaK Ev o s^-i = id^(fc_i) b CHjiy HH/];yKLi;HOHHoro npe;];no- 

JIOJKeHHH H 

Ev osf o = px o ^[/li^^j 04 = id^^ (17) 

B CHjiy (|15|) H (|16p . HoaTOMy (b CHjiy HHi.eKTHBHOCTH Ev, CM. VTBep>KiieHHe HTBj) p,Jiii jiio6oro m € S^~^ cy- 
mecTBycT flH(]34)eoMop(]3H3M h„i G TaKOH HTo 5*1 (m) = h%^{S2{'rn)). 3tot /iiicJjcJ^eoMopcJjHSM e^^HHCTBen 
b CHjiy CBo6o/],HOCTH fleftcTBHH rpynnbi i^'' C T na F^ (cm. mar 1). IlojiyHaeM oflHosnaHHoe OTo6pajKeHHe 

^OKaJKCM HenpepbiBHOCTb OTo6paJKeHHH H. Tax KaK c4)epoH/],bi Si h ^2 nenpepbiBHbi (no HnflyKn;Hon- 
noMy npe/i,nojioJKenHio n b cnjiy nenpepbiBnocTH 'sf n ^o-j cm. (|14p ). to onn sa^aroT nenpepbiBnyro sa- 
BHCHMOCTb napbi ocnamennbix 4)ynKn;HH Mopca Si{m) =: {f,a) n S2{m) =: (/2,ce2) ot Tonxn m G 
S^~^. EcjiH TOHKa m S 5*^"^ 6jiH3Ka k m, to b cnjiy ()13p n (fT2|) Bbinojineno 51(772) =: {f,a) ^ 
^5x([/o]isot, /i/ Jo (c(7/i)),/i}jj/i* 5]), 52(m) =: (72, 02) ^ Px{[fo]isot,h}lf^{c{f2h2)),h*^ j^[h*2a2]), r^e 
fo G - OTMcnennaa 4)ynKn;HH Kjiacca nsoxonnocTH [/]isot = [/2]isot) flHcJ^cJ^eoMopcJjHSMbi /i, /12 G 
6jiH3Kn K idM H /i(C/) = Cj, h2{Cf^) = Cj^, hj^j^ := h^hjj^. Tax KaK h*jj^^{f,a) = h*j^j^{f2, 02), 

Ev(5i(m)) = Ev(52(m)), to {hff^{c{fh)),h}j^[h*a]) = {hf^j^{cj^f2h2)),h%j^[h*^a2]), nocKOJibKy 
jiOKajibno HBjiHCTCH roMeoMop4)H3MOM (cm. Konen; TaK KaK c{fh) = c(/2/i2^m)i to corjiacno KpnTe- 
pnro HSOTonnocTH B03Mym,ennbix 4)ynKn;HH Mopca (cm. [16,, yTBepjK^enne 1.1 n §3] hjih (|lUp ) Bbinojineno 
fhho = /2/i2^m flJia ncKOToporo /iq € DiS^{M,Cf), TaKoro hto aBTOMopcJ^nsM (i/io|yj.(/) : Ty.(^j^M — > 
Ty.(^j^M 6jin30K K id-Ty.f^f^M flJia jik)6oh cefljioBon kphthhcckoh TonKn yj{f) € Cj^i- OTCKifla n ns pa- 

BencTB //i/iQ = /2^2^m) [(^^o)*5] = [(/i2^m.)*52] H /i^(/2,52) = (/, 5) cjie/iycT (corjiacno /lOKasaxejib- 
CTBy VTBepacjenna [331 ™3,r 3, HnT.eKTHBnocTb), hto HSOMopcjanaM ^.j^ : q-^M q-^^M 6jih30k 

K H30Mop4)H3My dhm\yj{f) '■ '^yj{f)^ ~^ '^%(/2)^ (1 < J < Q')- OTCK)/];a n n3 paBcncTBa /j~^(/2, 02) = (/, 5) 
cjie^yex, nxo b ncKoxopoii OKpecxnocTH jik)6oh ccfljioBofi KpnxHHecKon xonKn 4)ynKn;Hn (/, a) Bbinojineno 
hfh — )• hm npn fh ^ m. Oxciofla n h3 paBencxB h*^{df2 + ci^) = df^ + a^, ^^(c^/l + ^2) = c^/^ + 
cjieflyex, nxo hm Bciopy na M npn fh m. HosTOMy /];n4)4)eoMop4)n3M hm nenpepbiBno 3aBncnx 

ox 777 S S'^~^, T.e. c4)epoHfl nenpepbiBen. 

TaK KaK = Diff'^(M, C) n KOjinnecxBO cJ^HKcnpoBannbix xoncK \C\ = p* + q* + r* > x(-^)i to 
TonojiornnecKaa rpynna cxarnBaeMa (cm. ([I])), oxKy/i,a ccjjepon;; nenpepbiBno npo;];ojiJKaeTCH na bcio 
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saMKHyTyio KjieTKy a'^. m I— > hm - TaKoe npoflOJiJKeHHe. Onpe/iejiHM OToGpajKenne 

Sk'- M'^^^ — ^ (JjopMyjioH 

Oho o/],H03HaHHO h HBjiaeTCH npo/iojiJKeHHeM OTo6pa>KeHHa s^-i, t&k kslk 

Skla^k-. h*^{sf o l„{m)) = h*^{S2{m)) = Si{m) = Sk-i\Q„k{m), me da''. 

IlpH 3TOM Ev o Sfc|— (m) = Ev(/iJ^(?j o £o-(m))) = Ev(sf o £o-("^)) = m, m G a'', BBH^y (fT7|) . OTKy/],a 
Evosfc = id^(fc). HTaK, cymecTBOBaHHe nenpepbiBHoro OTo6paJKeHHJi s, 5iBjiaioii],erocH npaBbiM o6paTHbiM 
Ev, flOKasano b cjiynae x{^) < p* + q* + r* . 

CnyHau 2. Hpe/inojiojKHM Tenepb, wrop* + q* + r* < x{M). B CHjiy ycjiOBHH KOJiHHecTBO |C/\C| = 
p + q + r — {p* + q* + r*) OTMeneHKbix, ho He c|)HKCHpoBaHHbix, KpHTHHecKHX tohbk jHo6ofi 4)yHKu;HH 
f F npeBocxo/iHT xi^) ~ {p* + q* + r*) >Q. IlosTOMy HMeeTCH HenycToe noflMHOJKecTBO C/, Cf^\C, 
cocToamee h3 xi^) ~ {P* + q* + f*) + 1 > ToneK. PaccMOTpHM cooTBeTCTByioni,He noflnpocTpancTBa 
F* C F H (F*)^ C no/irpynnbi ^* C ^ h {&* f C h 3g-MepHoe MHoroo6pa3He M* ^ (F*)V(^*)°, 
CM. o6o3HaHeHHe 15. Il 

TaK KaK KOJiHHecTBo 4)HKCHpoBaHHbix TOHCK \C*\ = \C\ + \Cf^\ = xi^) + 1 > xi^) 7 TO corjiacHo 
cjiynaio 1 cymecTByeT nenpepbiBHoe OTo6paJKeHHe s* : M* (F^)*, TaKoe hto Ev* o s* = id^, . Tax KaK 
KOJiHHecTBO 4)HKCHpoBaHHbix KpHTHHecKHX TOHeK \C* \ = \C\ + \Cf^ \ < xi^) + Ij TO HO jieMMe [5^ HMeexcg 
roMeoMop4)H3M i: (F*)V(^*)° = (F*)V(^* n ^ FV^°- UojioyKum 

s := io s* oE^ o o E^"^ : M^¥^. 

Hs onpeflejieHHa OToGpajKeHHii Ev, Ev* cjieffyeT, hto Ev|inii = Ev o i o Ev* ^ o Ev* o i^^. HoBTOMy 
Ev o s = Ev o i o s* o Ev* o o Ev = id^. 

Ulm 3. Ha mare 2 nocTpoeno nenpepbiBHoe OTo6pa>KeHHe s: Ai — t- F^, TaKoe hto Ev o s = id^. 
Onpe/],ejiHM nenpepbiBHoe ^"^-BKBHBapHaHTHoe OTo6pajKeHHe i^: x — )• F^ cJjopMyjioii i->,(h^ra) := 
h*{s{'m)). Oho GneKTHBHo b cHjiy Ev o s = id^, cbo6o/];hocth fleiicTBHa Ha F^ H 6HeKTHBHOCTH 

Ev (cm. yTBepjKfleHHC I4.3p . OGparaoe OTo6paJKeHHe hmcct bh^ p^ = i^^ : F^ — )• i^*^ x Ai, (/, a) ^ 
a), Ev(/, a)), r^e oTo6pajKeHHe (5: F-*^ — )• onpe/^ejiaeTca ycjioBHeM {5{f,a))*(soEv{f,a)) = {f,a). 
Ero HenpepbiBHOCTb /];oKa3biBaeTca anajiornHHO flOKa3aTejibCTBy nenpepbiBHOCTH c4)epoH/],a H (cm. mar 
2, cjiynali 1). TaK KaK OTo6pajKeHHa ^3,^3 HenpepbiBHbi h B3aHMHO o6paTHbi, ohh HBjiaioTca B3aHMHO 
o6paTHbiMH roMeoMop4)H3MaMH. YTBepjK^eHHe [53] AOKa3aHO. □ 

yTBep^KjcHHe [513] jioKa3biBaeT roMeoMop4)H3Mbi F"*^ ~ x h Forg]^^([/]isot) ~ x -^[/]iaof 
C yncTOM ([1]) H Toro, hto oTo6pajKeHHH BKjironeHHH ^ F, ¥^ ^ ¥ u 3a6biBaiom;He oTo6pajKeHHa 

¥ ^ F, ¥^ ^ F^ U Forg]~ ([/]isot) — ^ [/]isot aBJiaroTCa rOMOTOHHHeCKHMH SKBHBajieHTHOCTHMH corjiacHO 

[H TeopcMa 2.5], nojiynaeM xeopeMV 12.51 
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